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Introduction and Preliminaries
Motivated essentially by their potential for applications in a wide range of mathematical and physical problems, the Log-Sine integrals have been evaluated, in the existing literature on the subject, in many different ways. Here, we mainly aim at showing how nicely some general formulas analogous to the generalized Log-Sine integral Ls can be obtained by using the theory of Polylogarithms. We also give remarks on some related results on this subject.
For our purpose, we begin by recalling the following definitions and properties, which will be needed in our investigation. 
.});
The generalized Log-Sine integrals Ls From Definition 2 it is easy to observe that
The Polylogarithm function Li n (z) is defined by
Clearly, we have
in terms of the Riemann Zeta function ζ(s) in (1.3).
Definition 4. The generalized Clausen function Cl n (θ ) is defined by
cos kθ k n (n is odd).
The associated Clausen function Gl n (θ ) of order n is defined by
It is noted that, only the special case when n = 2, the generalized Clausen function Cl n (θ ) satisfies the following relationship:
with the Log-Sine integral Ls n (θ ) of order n = 2 defined by (1.1).
The following well-known formulas are recorded (see [17, p. 334 
where B n denotes the well-known Bernoulli numbers (see, e.g., [27, p. 59] The Log-Sine integrals Ls n (θ ) in Definition 1 when the argument θ = π satisfy the following recurrence relation (see, e.g., [19, p. 218 
where σ n k are given, in terms of the Stirling numbers s(n, k) of the first kind (see, for details, [27, pp. 56-57 ]; see also [22] ), by
By using an idea analogous to that of Shen [23] , Beumer [5] presented a recursion formula for
in the following form:
where B n are the Bernoulli numbers in (1.12) and (1.13), and
More recently, Batir [4] presented integral representations, involving LogSine terms, for some series associated with 2k k x log 2 sin
where G denotes the Catalan constant defined by . (Throughout this paper, we choose the principal branch of the logarithm function log z in case z is a complex variable.)
Several other authors have concentrated upon the problem of evaluation of the Log-Sine integral Ls n (θ ) and the generalized Log-Sine integral Ls
In particular, van der Poorten [29] Borwein et al. [7] expressed the central binomial sum:
in an integral form as follows:
By doing so, they [7, Theorem 3.3] were able to evaluate the central binomial sums S(k) (k = 2, . . . , 8) in terms of the multiple Clausen, Glaisher, and Zeta values.
Analogous Log-Sine Integrals
In this section, we will show how nicely some general formulas analogous to the generalized Log-Sine integral Ls can be obtained by using the theory of Polylogarithms. Indeed, by carrying out repeated integration by parts in (1.7) in conjunction with (1.6), we obtain Lemma.
where (and elsewhere in this paper) an empty sum is understood to be nil; in particular,
By beginning with (2.2), we can deduce the following analogous Log-Sine integral formulas:
2m 2k
2m − 1 2k
where Cl n (θ ) and Gl n (θ ) denote the generalized Clausen function and the associated Clausen function given in (1.9) and (1.10), respectively.
Furthermore, it is easily observed, by setting t = 1 − e ix , that
in view of (2.2). In its special case when n = 2m + 1 (m ∈ N) and w = 1, (2.1) yields
Putting z = e i π 3 in (2.10) and using the following elementary identity:
(m ∈ N).
We now separate the even and odd parts of the sum occurring in (2.12) and make use of (1.8) and (1.11). We thus obtain (2.13)
Upon substituting from (2.13) into (2.12), and equating the real and imaginary parts on each side of the resulting equation, we obtain (2.14)
and (2.15)
Setting n = 2m + 1 (m ∈ N) and θ = 
Also, by putting n = 2m + 1 (m ∈ N) and θ = π 3 in (2.9), and using (2.11), we obtain (2.17)
Now, by using the binomial theorem, we find that
Substituting (2.18) into the integrand on the right-hand side of (2.17), and equating the real and imaginary parts of each side of the resulting equation, we obtain
and (2.20)
Finally, from (2.14), (2.15), (2.16), (2.19) , and (2.20), we deduce the analogous Log-Sine integral formulas (2.3) and (2.4).
Just as in our derivations of (2.3) and (2.4), if we set
and w = 1 in (2.1), and apply (2.7) and (2.9) with θ = π 3
, we obtain the other analogous Log-Sine integral formulas (2.5) and (2.6). This completes the proof of Theorem 1.
Remarks on Cl n (θ ) and Gl n (θ )
In view of Equations (2.3) to (2.6), we need to express the generalized Clausen function Cl n (θ ) and its associated Clausen function Gl n (θ ) as explicitly as possible, at least at the argument θ = π/3. To do this, we begin by rewriting the following known formula:
which was proved by Adamchik [1, Eq. (9)] (see also [21, Eq. (21) ]) who used Lerch's transform formula [18] and where B n (x) are the Bernoulli polynomials of degree n in x (see, for details, [27, pp. 59-61] ). Now replacing n by 2n and 2n + 1 in (3.1) and equating the real and imaginary parts in each case, we obtain the following formulas:
which is a known result (cf. [19, p. 202 
Srivastava et al. [28, Eq. (3.8) and Eq. (3.17)] presented the following formulas:
Cvijović and Klinowski [15, Eq. (10a) ] proved formulas which can be specialized in the following form:
which, upon replacing n by 2n + 1 and 2n with p = 1 and q = 6, leads to (3.4) and (3.5), respectively. We are ready now to consider some explicit expressions of (2.3) to (2.6). Upon setting m = 1, 2, 3 in (2.4), and m = 2, 3 in (2.5), if we apply (3.2), we obtain the following explicit analogous Log-Sine integral formulas. , where 2 denotes the double Gamma function (cf. [2] , [3] ; see also [27, pp. 94-96] ).
It should be remaked in passing that, in view of Equations (3.3), and (4.3) to (4.6), closed-form expressions for the derivatives of ζ(s, a) at the negative integer s and rational a are needed, some of which were evaluated by Adamchik [1] and Miller and Adamchik [21] .
It is also noted here that Srivastava et al. [28] studied extensively some definite integrals in conjunction with series involving the Zeta function such as in (4.2) whose closed-form evaluation has been an attractive and interesting research subject since a letter dated 1729 from Goldbach to Daniel Bernoulli (cf. [27, Chapter 3] ; see also [9] , [11] , [12] , [13] , [16] , [20] , [24] , and [25] ).
In case (3.3) is used, (4.3) and (4.4) are readily rewritten as Corollary 4 below. Upon setting m = 1 in (4.7) and m = 2 in (4.8) with z = 
